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UNIVERSAL ENVELOPING ALGEBRAS OF POISSON ORE EXTENSIONS
JIAFENG LU¨, XINGTING WANG AND GUANGBIN ZHUANG
Abstract. We prove that the universal enveloping algebra of a Poisson-Ore extension is a length
two iterated Ore extension of the original universal enveloping algebra. As consequences, we
observe certain ring-theoretic invariants of the universal enveloping algebras that are preserved
under iterated Poisson-Ore extensions. We apply our results to iterated quadratic Poisson algebras
arising from semiclassical limits of quantized coordinate rings and a family of graded Poisson
algebras of Poisson structures of rank at most two.
Introduction
As an analogue of the classical enveloping algebras of Lie algebras, the notion of Poisson universal
enveloping algebra was first introduced in [8] to illustrate the equivalence of the following two
categories:
PMod(R) ≡Mod(Re),
which translates the representations of a Poisson algebra R into the representations of a noncom-
mutative algebra Re, called the Poisson universal enveloping algebra of R. Natural questions arise
about the structures between R and Re, to which our main result is stated regarding Poisson-Ore
extensions in the sense of [9].
Theorem 0.1. Let R be a Poisson algebra, and Re be its universal enveloping algebra.
(1) For any Poisson-Ore extension A of R, the universal enveloping algebra Ae is a right double
Ore extension of Re. Moreover, it is a length two iterated Ore extension.
(2) For any iterated Poisson-Ore extension A of R, the universal enveloping algebra Ae is an
iterated Ore extension of Re of double length.
Our proof strategy is first to show that Ae is a right double Ore extension of Re (Subsection 1.4),
and then apply [2, Theorem 2.4] to show that it is indeed a length two iterated Ore extension. As
consequences, we have the following corollary by using the properties of Ore extensions.
Corollary 0.2. Let R be a Poisson algebra, and A be an iterated Poisson-Ore extension of R. Then
the universal enveloping algebra Ae inherits the following properties from Re:
(1) being a domain;
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(2) being Noetherian;
(3) having finite global dimension;
(4) having finite Krull dimension;
(5) being twisted Calabi-Yau.
In particular, let R be a connected graded Poisson algebra, and A be a graded iterated Poisson-Ore
extension of R. Then Re and Ae are connected graded algebras, and Ae aslo inherits the following
properties from Re:
(6) being Artin-Schelter regular;
(7) being Koszul provided that A is quadratic.
For applications, we consider iterated quadratic Poisson algebras arising from semiclassical limits
of quantized coordinate rings. In fact, these quantum algebras are all iterated Ore extensions of the
polynomial algebra with one variable. Hence they give rise to iterated Poisson-Ore extensions of
the same algebra with trivial Poisson bracket through the semiclassical limit process, see reference
[6, Proposition 4.1]. Also, we consider one family of graded Poisson algebras, whose Poisson bracket
is determined by a skew-symmetric matrix. Our classification shows that their Poisson structures
have rank at most two in the sense of [1, §3], and the isomorphism classes consist of a discrete class
and a parametric family, where the latter one is a Poisson-Ore extension of a free Poisson algebra.
Acknowledgments. The authors first want to give their sincere gratitudes to James Zhang for
introducing them this project. They also want to thank Yanhong Bao, Jiwei He, Xuefeng Mao, Cris
Negron and James Zhang for many valuable discussions and suggestions on this paper.
1. Preliminaries
Throughout, we work over a base field k. We use R to denote a commutative algebra, and it is
said to be connected graded if R = k⊕R1 ⊕R2 ⊕ · · · such that RiRj ⊆ Ri+j for all i, j ≥ 0.
1.1. Poisson algebras. A Poisson algebra is a commutative algebra R with a Lie bracket {−,−}
such that
{ab, c} = a{b, c}+ {a, c}b
for all a, b, c ∈ R, called Leibniz rule. Also a graded Poisson algebra is defined to be a graded
commutative algebra with a degree 0 graded Lie bracket satisfying the Leibniz rule.
1.2. Universal enveloping algebras of Poisson algebras. The universal enveloping algebra of
a Poisson algebra R is determined by the following universal property: let (A,m, h) be a triple,
which has property P described as
(P1) A is an algebra and m : R→ A is an algebra map;
(P2) h : (R, {−,−})→ AL is a Lie algebra map;
(P3) m{r,s} = hrms −mshr, and
(P4) hrs = mrhs +mshr, for all r, s ∈ R,
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then (A,m, h) is called the universal enveloping algebra of R if for any other triple (B, f, g) satisfying
propertyP, there exists a unique algebra map φ : A→ B such that f = φm and g = φh, see reference
[8]. Sometimes, we say that the following diagram commutes with respect to property P:
R
m
h
//
f
g
❅
❅❅
❅❅
❅❅
❅ A
∃!φ⑦
⑦
⑦
⑦
B
.
The universal enveloping algebra of R is usually denoted by Re, which can be constructed explicitly.
We follow [11, §2]. Let V = R⊕R with two inclusions of R denoted by m and h. Denote by Re the
tensor algebra T (V ) modulo the following relations:
mrs = mrms,(R1)
h{r,s} = hrhs − hshr,
hrs = mrhs +mshr,
m{r,s} = hrms −mshr = [hr,ms],
m1 = 1,
for all r, s ∈ R. It is clear that m,h induce two linear maps from R to Re, where we keep the same
notations. Then the universal enveloping algebra of R is given by the triple (Re,m, h). Sometimes,
we only call Re the universal enveloping algebra of R without specifying the two linear maps m,h.
Note that Re is generated by mR and hR as an algebra. Furthermore, if R is a graded Poisson
algebra, then so is Re by setting degmr = deg hr = deg r for any homogenous element r ∈ R.
1.3. Poisson-Ore extensions. Let R be a Poisson algebra. A linear map α : R→ R is said to be
a Poisson derivation if it satisfies
(1) α(rs) = α(r)s + rα(s);
(2) α({r, s}) = {α(r), s} + {r, α(s)},
for all r, s ∈ R. Let α be a Poisson derivation of R, then a linear map δ : R→ R is called a Poisson
α-derivation if it satisfies
(1) δ(rs) = δ(r)s + rδ(s);
(2) δ({r, s}) = {δ(r), s} + {r, δ(s)}+ α(r)δ(s) − δ(r)α(s),
for all r, s ∈ R.
Theorem 1.1. [9, Theorem 1.1] Let α and δ be two linear maps of a Poisson algebra R. Then
the polynomial algebra A = R[x] is a Poisson algebra with Poisson bracket extending the Poisson
bracket of R such that
{x, r} = α(r)x + δ(r),
for all r ∈ R if and only if α is a Poisson derivation of R and δ is a Poisson α-derivation of R.
The algebra A endowed with the Poisson bracket from Theorem 1.1 is denoted by A = R[x;α, δ]P
and called Poisson-Ore extension of R.
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1.4. Double Ore extensions. We follow [12, Definition 1.3, Lemma 1.10, Proposition 1.11]. The
right double Ore extension of an associative algebra A is adding two generators y1, y2 to A, subject
to
(D1)
(
y1
y2
)
a = σ(a)
(
y1
y2
)
+ η(a), for all a ∈ A, where σ =
(
σ11 σ12
σ21 σ22
)
: A → M2(A) is an
algebra map and η =
(
η1
η2
)
: A→ A⊕2 is a σ-derivation satisfying η(ab) = σ(a)η(b)+η(a)b,
for all a, b ∈ A;
(D2) y2y1 = p12y1y2 + p11y
2
1 + τ1y1 + τ2y2 + τ0, where P := {p12, p11} is a set of elements of k
and τ := {τ0, τ1, τ2} is a set of elements of A;
(D3) 6 compatible conditions:
σ21σ11 + p11σ22σ11 = p11σ
2
11 + p
2
11σ12σ11 + p12σ11σ21 + p11p12σ12σ21,
σ21σ12 + p12σ22σ11 = p11σ11σ12 + p11p12σ12σ11 + p12σ11σ22 + p
2
12σ12σ21,
σ22σ12 = p11σ
2
12 + p12σ12σ22,
σ20σ11 + σ21σ10 + σ22σ11τ1 = p11(σ10σ11 + σ11σ10 + τ1σ12σ11) + p12(σ10σ21 + σ11σ20 + τ1σ12σ21)
+ τ1σ11 + τ2σ21,
σ20σ12 + σ22σ10 + σ22σ11τ2 = p11(σ10σ12 + σ12σ10 + τ2σ12σ11) + p12(σ10σ22 + σ12σ20 + τ2σ12σ21)
+ τ1σ12 + τ2σ22,
σ20σ10 + σ22σ11τ0 = p11(σ
2
10 + τ0σ12σ11) + p12(σ10σ20 + τ0σ12σ21) + τ1σ10 + τ2σ20 + τ0Id,
where σi0 = ηi for i = 1, 2.
We denote by AP [y1, y2;σ, η, τ ] the right double Ore extension of A associated to the DE-data
{P, σ, η, τ}. By symmetry, we have the notion of left double Ore extension, and we say that the
extension is a double Ore extension if it can be obtained by adding two generators via both right
and left double Ore extensions.
2. Universal enveloping algebras of Poisson-Ore extensions
In this section, we will show that the universal enveloping algebra of a Poisson-Ore extension is
a length two iterated Ore extension of the original universal enveloping algebra. Let R be a Poisson
algebra, and we consider its Poisson-Ore extension R[x;α, δ]P for some Poisson derivation α of R
and some Poisson α-derivation δ of R. The Poisson bracket in R[x;α, δ]P can be explicitly given by
{rxp, sxq} = ({r, s}+ prα(s) − qα(r)s) xp+q + (prδ(s) − qδ(r)s) xp+q−1,(2.1)
for all r, s ∈ R and p, q ≥ 0. We denote by (Re,m, h) the universal enveloping algebra of R, which
has property P.
First of all, we state the DE-data {P, σ, η, τ} for the right double Ore extension of Re in Theorem
0.1.
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• σ : Re →M2(Re) is given by
σ(mr) =
(
mr 0
mα(r) mr
)
, σ(hr) =
(
hr +mα(r) 0
hα(r) +mα2(r) hr +mα(r)
)
, for all r ∈ R.(2.2)
• The σ-derivation η : Re → (Re)⊕2 is defined by
η(mr) =
(
0
mδ(r)
)
, η(hr) =
(
mδ(r)
hδ(r) +mδα(r)
)
, for all r ∈ R.
• p11 = 0, p12 = 1 in P and τ = 0, i.e., y2y1 = y1y2.
Secondly, we will show that the DE-data given above is well-defined. For (D1), we define two
linear maps f, g : R→M2(Re) by
f(r) =
(
mr 0
mα(r) mr
)
, g(r) =
(
hr +mα(r) 0
hα(r) +mα2(r) hr +mα(r)
)
,(2.3)
for all r ∈ R. According to Theorem 1.1, it is direct to check that the triple (M2(Re), f, g) has
property P. Hence the universal property of Re guarantees the existence of a unique algebra map
σ : Re → M2(Re) such that σm = f and σh = g, which yields the explicit formula (2.2) of σ. For
(D2), it is easy to check that η preserves the relations (R1). Thus η can be extended to a unique
σ-derivation on Re. At last direct computation verifies (D3).
Thirdly, we want to show that the right double Ore extension of Re associated to the DE-data is
indeed a length two iterated Ore extension. Recall that, [12, Definition 1.8], σ is said to be invertible
if there exits another algebra map φ : Re →M2(Re) such that(
φ11 φ12
φ21 φ22
)(
σ11 σ21
σ12 σ22
)
=
(
σ11 σ21
σ12 σ22
)(
φ11 φ12
φ21 φ22
)
=
(
Id 0
0 Id
)
.
Lemma 2.1. The algebra map σ is invertible.
Proof. Similarly, we can define another algebra map φ : Re →M2(Re) such that
φ(mr) =
(
mr −mα(r)
0 mr
)
, φ(hr) =
(
hr −mα(r) −hα(r) +mα2(r)
0 hr −mα(r)
)
,
for all r ∈ R. Direct computation shows that σ and φ are inverse to each other. 
Proposition 2.2. The right double Ore extension of Re is a length two iterated Ore extension such
that
ReP [y1, y2;σ, η] = R
e[y1;σ
′
1, η
′
1][y2;σ
′
2, η
′
2],
where σ′1(a) = σ11(a), σ
′
2(a) = σ22(a), σ
′
2(y1) = y1 and η
′
1(a) = η1(a), η
′
2(a) = σ21(a)y1+η2(a), η
′
2(y1) =
0 for all a ∈ Re.
Proof. By (2.2), we know σ12 = 0 and σ11 = σ22. Hence φ11σ11 = σ11φ11 = Id by Lemma 2.1,
which implies that σ11 = σ22 is an automorphism of R
e. Then the right double Ore extension is an
iterated Ore extension by [2, Theorem 2.4] (interchanging y1 and y2). The formulas of σ
′
i and η
′
i for
i = 1, 2 are easy to deduce from the DE-data. 
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Finally, we use the universal property to prove that the right double Ore extension ReP [y1, y2;σ, η]
is the universal enveloping algebra of R[x;α, δ]P . We extend the two linear maps m,h : R→ Re to
R[x;α, δ]P by
m
(
n∑
i=0
rix
i
)
=
n∑
i=0
mriy
i
1,(2.4)
h
(
n∑
i=0
rix
i
)
= hr0 +
n∑
i=1
(
imriy
i−1
1 y2 + (hri + imα(ri))y
i
1 + imδ(ri)y
i−1
1
)
, for all ri ∈ R,
where we keep the same notations.
Lemma 2.3. The triple (ReP [y1, y2;σ, η],m, h) has property P.
Proof. By (D1) and (2.2), we have the following identity in ReP [y1, y2;σ, η]:
y2mr = mry2 +mα(r)y1 +mδ(r), for all r ∈ R.(2.5)
Moreover, from y1hr = hry1 +mα(r)y1 +mδ(r), inductively we have
yq1hr = (hr + qmα(r))y
q
1 + qmδ(r)y
q−1
1 , for all r ∈ R, q ≥ 1.(2.6)
For condition (P1), by definition, we know that σ = Id, η = 0 on mR. So y1 commutes with mR.
Then m is a well-defined algebra map.
For condition (P3), it suffices to take rxp and sxq for any r, s ∈ R and p, q ≥ 0. We have
RHS of (P3) =
[
pmry
p−1
1 y2 + (hr + pmα(r))y
p
1 + pmδ(r)y
p−1
1 , msy
q
1
]
by (2.4)
= (pmry
p−1
1 y2)(msy
q
1)− (msyq1)(pmryp−11 y2) + (hryp1)(msyq1)− (msyq1)(hryp1)
= pmry
p−1
1 (msy2 +mα(s)y1 +mδ(s))y
q
1 − pmrsyp+q−11 y2 + hrmsyp+q1 by (2.5)
−ms
(
(hr + qmα(r))y
q
1 + qmδ(r)y1
q−1
)
yp1 by (2.6)
=
(
hrms −mshr + pmrα(s) − qmα(r)s
)
yp+q1 +
(
pmrδ(s) − qmδ(r)s
)
yp+q−11
= m
(
({r, s}+ prα(s)− qα(r)s)xp+q + (pmrδ(s) − qmδ(r)s)xp+q−1
)
by (2.1)
= LHS of (P3).
For condition (P4), we have
RHS of (P4) = (mry
p
1)(qmsy
q−1
1 y2 + (hs + qmα(s))y
q
1 + qmδ(s)y
q−1
1 ) + (msy
q
1)(pmry
p−1
1 y2
+ (hr + pmα(r))y
p
1 + pmδ(r)y
p−1
1 ) by (2.4)
= (p+ q)mrsy
p+q−1
1 y2 + (pmα(r)s + qmrα(s))y
p+q
1 + (pmδ(r)s + qmrδ(s))y
p+q−1
1
+mry
p
1hsy
q
1 +msy
q
1hry
p
1 .
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Apply (2.6) to the last two terms mr(y
p
1hs)y
q
1 and ms(y
q
1hr)y
p
1 of the above equality. Then
RHS of (P4) = (p+ q)mrsy
p+q−1
1 y2 +
(
mrhs +mshr + (p+ q)(mα(r)s +mrα(s))
)
yp+q1
+ (p+ q)(mδ(r)s +mrδ(s))y
p+q−1
1
= (p+ q)mrsy
p+q−1
1 y2 +
(
hrs + (p+ q)mα(rs)
)
yp+q1 + (p+ q)mδ(rs)y
p+q−1
1
= h(rsxp+q) by (2.4)
= LHS of (P4).
For condition (P2), we need to show that h is a Lie algebra map, i.e.,
h({a, b}) = [h(a), h(b)] = h(a)h(b)− h(b)h(a), for all a, b ∈ R[x;α, δ]p.(2.7)
By definition, (2.7) holds for a, b ∈ R. If a = x and b = r ∈ R, then
LHS of (2.7) = h(α(r)x + δ(r)) = mα(r)y2 + (hα(r) +mα2(r))y1 +mδα(r) + hδ(r).
On the other side, we have
RHS of (2.7) = y2hr − hry2 = (hα(r) +mα2(r))y1 + (hr +mα(r))y2 + hδ(r) +mδα(r) − hry2.
Hence (2.7) also holds in this case. It suffices to consider a, b to be both monomials. For arbitrary
b, we do inductions on the degree of a. It suffices to show that if (2.7) holds for h({c, b}), h({d, b}),
then it is true for h({cd, b}). We get
h({cd, b})
=h({c, b}d+ {d, b}c)
=m({c, b})h(d) +m(d)h({c, b}) +m({d, b})h(c) +m(c)h({d, b}) by (P4)
=m({c, b})h(d) +m(d) (h(c)h(b)− h(b)h(c)) +m({d, b})h(c) +m(c) (h(d)h(b)− h(b)h(d))
=(m(c)h(d) +m(d)h(c))h(b) − h(b)(m(c)h(d) +m(d)h(c)) +m({b, c})h(c)
+ h({b, d})h(d) +m({c, b})h(d) +m({d, b})h(c) by (P3)
=h(cd)h(b)− h(b)h(cd).
This completes the proof. 
Proof of Theorem 0.1. By Proposition 2.2 and Lemma 2.3, it suffices to prove the universal prop-
erty of ReP [y1, y2;σ, η] with two linear maps m,h defined in (2.4). We work over the following
commutative diagram with respect to property P:
R[x, σ, δ]P
m //
h
//
f
g
$$■
■■
■■
■■
■■
■
ReP [y1, y2;σ, η]
φyyr r
r
r
r
r
B
R
m //
h
//
iR
OO
fR
gR
::ttttttttttt
Re
iRe
OO
φR
ff▼
▼
▼
▼
▼
▼
.
Let (B, f, g) be another triple satisfying property P. By precomposing f and g with the natural
inclusion iR : R → R[x;α, δ]P , we get two linear maps fR, gR : R → B. It is clear that (B, fR, gR)
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has property P induced from (B, f, g). Hence, by the universal property of Re, we obtain a unique
algebra map φR from R
e to B such that φRm = fR and φRh = gR.
Next we define an algebra map φ : ReP [y1, y2;σ, η] → B by φ|Re = φR and φ(y1) = f(x) and
φ(y2) = g(x). In order to show that φ is well-defined, it suffices to check that φ preserves the
relations in the DE-data. For (D2), we have
φ(y2y1 − y1y2) = g(x)f(x) − f(x)g(x) = f({x, x}) = 0.
For (D1), it is enough to take a = mr or a = hr for all r ∈ R. When a = mr, we have
φ
[(
y1
y2
)
mr − σ(mr)
(
y1
y2
)
− η(mr)
]
=
[(
φ(y1)
φ(y2)
)
φ(mr)− φ(σ(mr))
(
φ(y1)
φ(y2)
)
− φ(η(mr))
]
=
[(
f(x)
g(x)
)
f(r)−
(
f(r) 0
f(α(r)) f(r)
)(
f(x)
g(x)
)
−
(
0
f(δ(r))
)]
=
(
f(x)f(r) − f(r)f(x)
g(x)f(r) − f(α(r))f(x) − f(r)g(x) − f(δ(r))
)
=
(
f(xr − rx)
f({x, r} − α(r)x − δ(r))
)
=0.
When a = hr, it is similar. Finally, the algebra map φ makes the above diagram commutate and
the uniqueness of φ comes from the universal property of Re. 
Proof of Corollary 0.2. (1)-(4) is well-known for the properties of Ore extensions. Note that a
connected graded algebra is twisted Calabi-Yau if and only if it is Artin-Schelter regular. So (5)
and (6) comes from [7]. And (7) follows from [10, Corollary 1.3]. 
3. Examples
As applications, we will consider examples of iterated quadratic Poisson-Ore extensions starting
from a free quadratic Poisson algebra k[x1, x2, · · · , xn] with trivial Poisson bracket. Since the
universal enveloping algebra of the initial Poisson algebra is a quadratic polynomial algebra with
double-sized variables, all the properties in Corollary 0.2 apply in all these cases.
3.1. Semiclassical limits of quantized coordinate rings. We explicitly treat one example: the
coordinate rings of quantum matrices and their semiclassical limits. Let Chark = 0, and k[[~]] be
the formal power series, where we define
e(α) :=
∞∑
i=0
αi
i!
~
i,
for any α ∈ k. Given a nonzero scalar λ ∈ k× and a multiplicatively skew-symmetric matrix
p = (pij) ∈Mn(k×). The multiparameter quantum n×n matrix algebra B := Oe(λ),e(p)(Mn(k[[~]]))
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is the k[[~]]-algebra with generators Xij for i, j = 1, · · · , n, subject to
XlmXij =


e(pli)e(pjm)XijXlm + (e(λ)− 1)e(pli)XimXlj (l > i,m > j)
e(λ)e(pli)e(pjm)XijXlm (l > i,m ≤ j)
e(pjm)XijXlm (l = i,m > j).
Note that B/~B = O(Mn(k)), the ordinary coordinate rings of matrix algebras. Denote the genera-
tors xij := Xij +~B in O(Mn(k)). The semiclassical limit process equips O(Mn(k)) with a Poisson
bracket such that {xlm, xij} = [Xlm, Xij ]/~. Explicitly,
{xlm, xij} =


(pli + pjm)xijxlm + (λ− 1)ximxlj (l > i,m > j)
(λ+ pli + pjm)xijxlm (l > i,m ≤ j)
pjmxijxlm (l = i,m > j).
After assigning a lexicographic order x11 < x12 < · · · < xnn on the generators, we see thatO(Mn(k))
is an iterated quadratic Poisson algebra of the form
O(Mn(k)) = k[x11][x12;α12, δ12]p · · · [xnn;αnn, δnn]p,
where the derivations are given by
αlm(xij)


(pli + pjm)xij (l > i,m > j)
(λ+ pli + pjm)xij (l > i,m ≤ j)
pjmxij (l = i,m > j).
And δlm(xij) = (λ−1)ximxlj when l > i,m > j and δlm(xij) = 0 otherwise. More iterated quadratic
Poisson algebras are provided in [5, §2] through the semiclassical limit process. In a conclusion, we
have the following:
Proposition 3.1. The Poisson universal enveloping algebras of the semiclassical limits of
(1) quantum affine spaces;
(2) quantum matrices;
(3) quantum symplectic and even-dimensional euclidean spaces;
(4) quantum odd-dimensional euclidean spaces;
(5) quantum symmetric and antisymmetric matrices
are all Noetherian, Artin-Schelter regular and Koszul domains.
Proof. From [5, §2], we see that these quadratic Poisson algebras are all iterated Poisson-Ore exten-
sions of the polynomial algebra k[x] with trivial Poisson bracket. Hence their universal enveloping
algebras are iterated Ore-extensions of k[x, y] by Theorem 0.1. Then the result follows from Corol-
lary 0.2. 
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3.2. Graded Poisson algebras with low ranked Poisson structures. Throughout, let A =
k[x1, x2, · · · , xn] be a graded Poisson algebra with deg xi = 1 for all 1 ≤ i ≤ n. Assume the Poisson
bracket of A is given by
{xi, xj} = cij
(
x21 + x
2
2 + · · ·+ x2n
)
,
for all 1 ≤ i, j ≤ n and cij ∈ k. Note that the matrix of coefficients C := (cij) is skew-symmetric,
and the Poisson algebra will be denoted by A(C). For the sake of simplicity, the base field k is
algebraically closed and Chark 6= 2.
Lemma 3.2. The following are equivalent:
(1) A(C) is a graded Poisson algebra.
(2) The Jacobian identity holds for all elements in A1.
(3) cijcks + cjkcis + ckicjs = 0 for all 1 ≤ i < j < k < s ≤ n.
(4) rank(C) ≤ 2.
Proof. (1)⇐⇒(2) is well-known since A is a free Poisson algebra generated in degree one. And
(2)⇐⇒(3) follows from the Jacobi identity, since
{xi, {xj , xk}}+ {xj , {xk, xi}}+ {xk, {xi, xj}} = {xi, cjkω}+ {xj , ckiω}+ {xk, cijω}
=
∑
1≤s≤n
2cjk{xi, xs}xs + 2cki{xj , xs}xs + 2cij{xk, xs}xs
=
∑
1≤s≤n
2 (cjkcis + ckicjs + cijcks)xs.
Because C is skew-symmetric, it suffices to consider that 1 ≤ i < j < k < s ≤ n.
It remains to show that (3)⇐⇒(4). If rank(C) ≤ 2, then any order 4 principal minors of C are
0. Hence for any 1 ≤ i < j < k < s ≤ n, we have
0 =
∣∣∣∣∣∣∣∣∣
0 cij cik cis
−cij 0 cjk cjs
−cik −cjk 0 cks
−cis −cjs −cks 0
∣∣∣∣∣∣∣∣∣
= (cijcks + cjkcis − cikcjs)2.
So cijcks + cjkcis + ckicjs = 0. Conversely, if (3) holds, we should prove that rank(C) ≤ 2. Suppose
all cij = 0, then we are done since rank(C) = 0. Otherwise, we may suppose c12 6= 0. Then∣∣∣∣∣ 0 c12−c12 0
∣∣∣∣∣ = c212 6= 0,
which is a non-zero minor of order 2 of C. Hence rank(C) ≥ 2. On the other hand, we have
cij = −c−112 (cj1ci2 − cj2ci1) by (3) for all 1 ≤ i, j ≤ n. Let
∣∣∣∣∣∣∣
cir cis cit
cjr cjs cjt
ckr cks ckt
∣∣∣∣∣∣∣ be any minor of C of
order 3. Then we have∣∣∣∣∣∣∣
cir cis cit
cjr cjs cjt
ckr cks ckt
∣∣∣∣∣∣∣ =
−1
c312
∣∣∣∣∣∣∣
cr1ci2 − cr2ci1 cs1ci2 − cs2ci2 ct1ci2 − ct2ci1
cr1cj2 − cr2cj1 cs1cj2 − cs2cj2 ct1cj2 − ct2cj1
cr1ck2 − cr2ck1 cs1ck2 − cs2ck2 ct1ck2 − ct2ck1
∣∣∣∣∣∣∣ = 0.
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This implies that rank(C) = 2. 
Lemma 3.3. The following are equivalent:
(1) A(C) and A(D) are isomorphic as graded Poisson algebras;
(2) C and D are orthogonally similar;
(3) C and D are similar.
Proof. Let φ : A(C) → A(D) be a graded Poisson isomorphism. Hence φ is given by some n × n-
matrix M = (mij) ∈ GL(n), since it is a graded algebra map. We denote A(D) = k[y1, y2, · · · , yn].
Then φ(xi) =
∑
1≤j≤nmijyj for all xi. Note that φ preserves the Poisson bracket, so we have
φ
(
x21 + x
2
2 + · · ·+ x2n
)
= λ
(
y21 + y
2
2 + · · ·+ y2n
)
,(3.1)
for some λ ∈ k×. Direct computation shows that (3.1) is equivalent to the condition MTM = λId.
Moreover, we have
φ ({xi, xj}) = {φ(xi), φ(xj)} ,(3.2)
for all xi, xj . Then LHS of (3.2) equals φ(cij(x
2
1 + x
2
2 + · · · + x2n)) = λcij(y21 + y22 + · · · + y2n).
Meanwhile,
RHS of (3.2) ={
∑
1≤p≤n
mipyp,
∑
1≤q≤n
mjqyq}
=
∑
1≤p,q≤n
mipmjq{yp, yq}
=
∑
1≤p,q≤n
mipdpqmjq(y
2
1 + y
2
2 + · · ·+ y2n).
Hence (3.2) is equivalent to the condition MDMT = λC. And (1) ⇐⇒(2) follows by scaling M by
1/
√
λ. Note that (2) ⇐⇒(3) comes from [3, Theorem 2.1]. 
Proposition 3.4. The graded Poisson algebra A(C) is isomorphic to one of the following:
(1) The parametric family A(a) with coefficient matrix:


0 . . . . . . . . . 0
...
. . .
...
. . .
... 0 a
0 −a 0


, where a ∈ k
is the parameter;
(2) the discrete class with coefficient matrix:


0 . . . . . . . . . 0
... 0 −1 i 0
... 1 0 0 −i
... −i 0 0 −1
0 0 i 1 0


.
Moreover, A(a) ∼= A(a′) if and only if a = ±a′.
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Proof. By Lemma 3.2 and Lemma 3.3, it suffices to find normal forms for orthogonal similarity
classes of skew-symmetric matrices, which have rank ≤ 2. Hence it follows from [3, Theorem 2.5].
Additionally, A(a) ∼= A(a′) if and only if the two matrices
(
0 a
−a 0
)
and
(
0 a′
−a′ 0
)
are similar by
Lemma 3.3. Then the result follows by computing the eigenvalues. 
Denote by R = k[y1, y2, · · · , yn−1] the free Poisson algebra with trivial Poisson bracket. Define
the Poisson-Ore extension R[yn;α, δ]P , subject to
α = 2aiyn−1
∂
∂yn−1
, δ = 2ai(y21 + · · ·+ y2n−2)
∂
∂yn−1
.
Proposition 3.5. The parametric family A(a) is isomorphic to R[yn;α, δ]P . Moreover, the univer-
sal enveloping algebra of A(a) is a length two iterated Ore extension of the polynomial algebra on
2n− 2 generators, and it is a Noetherian, Artin-Schelter regular and Koszul domain.
Proof. In A(a), we make a linear transformation such that yi = xi for all 1 ≤ i ≤ n − 2 and
yn−1 = xn−1 + ixn and yn = xn−1 − ixn. Then it is easy to check that it is isomorphic to the
described Poisson-Ore extension. Note that Re is the polynomial algebra on 2n − 2 generators
by the construction of (R1). Then the remaining of the statement follows from Theorem 0.1 and
Corollary 0.2. 
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